Abstract. The elastic problem of a spherical core-shell particle with a truncated core is solved within the isotropic classical theory of elasticity. A transition to a Janus particle consisting of two unequal spherical segments with lattice mismatch is demonstrated. Elastic fields in the Janus particle are found and described in detail. The strain energy of the Janus particle in dependence on the interface coordinate is discussed.
INTRODUCTION
The Janus particles (JPs) are named after the Roman god Janus, the most ancient of Roman gods, which is the god of doors and is imagined as a man having two opposite heads or faces, thus symbolizing such opposite concepts as the entrance and the exit, the beginning and the end, the youth and the old age, etc. Casagrande et al. [1, 2] gave this name for the first time to glass spherical microparticles whose one hemispheres were prepared hydrophilic and the other ones hydrophobic. The authors named them "Janus beads", studied their properties at oil/water interfaces, and concluded that the Janus beads behaved differently from ordinary solid microparticles. De Gennes [3] cited this work in his Nobel lecture, calling these microparticles "Janus grains", and attracted much attention to this field of research.
Nowdays the term "JPs" denotes nano-and microparticles of different origin, opposite sites of which show opposite or very different chemical and/ or physical properties. JPs may be prepared as substrate particles of various shapes, which are differently treated and/or coated by special substances or agents, or as composite particles consisting of parts of different materials. JPs may be composed of polymers, metals, metal oxides, etc., with forming organic-organic, organic-inorganic, and inorganicinorganic composite particles of various (sometimes rather complex) architectures. The state of the art in this field is reflected in a number of reviews [4] [5] [6] [7] [8] [9] [10] [11] , which demonstrate a great interest to JPs over the past two decades. This is due to the potential applications of JPs in solar energy conversion, photocatalysis and environmental remediation [10] , various applied fields of science [12] [13] [14] [15] [16] , textile industry [17] , electronics [18] , biology and medicine [11, 16, 19, 20] .
Both the mechanical behavior and functional properties of JPs are expected to strongly depend on their strained state and stored strain energy, as is the case with other types of composite nanoparticles. On the elastic description of a spherical Janus particle
The elastic fields in JPs can be caused by both the external forces, for example, the electrostatic ones, arising due to the distribution of charges of opposite signs on the JP surface, and internal forces caused by the mismatch of the lattice parameters of crystalline materials of different neighboring parts of JPs. To the best of our knowledge, for today there is no analytical solution describing the elastic fields and the strain energy in any kind of JPs.
In the present paper, we confine ourselves to the analysis of the stress-strain state in a spherical JP, two parts of which are separated by a flat interface and have a mismatch in their lattice parameters (Fig.  1a) . We calculate analytically the elastic fields and the strain energy in such a JP under the conditions of elastic isotropy of its parts and equality of their shear moduli G 1 =G 2 =G and Poisson ratios  1 =  2 =. It is worth noting that our method of calculations makes it possible to solve similar elastic problems for spherical particles with any number of mismatched regions. In particular, for example, this concerns a spherical heterostructure with a quantum well (Fig. 1b) , which is of special interest for optoelectronics. Fig. 1 . Janus particle (a) and spherical heterostructure with a quantum well (b). The domains in contact have a mismatch in lattice parameters, which is characterized by dilatation eigenstrains *,  1 *,  2 *. Here G i and  I (i=1,2,3) are the shear moduli and Poisson ratios, respectively, of the particle domains.
To solve the elastic problem for such a JP (Fig.  1a) , we will use the earlier results obtained for a homogeneously dilatational inclusion in the shape of a truncated sphere embedded in an infinite elastic medium [21] .
SPHERICAL CORE-SHELL PARTICLE WITH A TRUNCATED CORE
Consider a spherical core-shell particle with a truncated core as an elastic sphere of radius a with an axially symmetric truncated spherical inclusion of the geometry determined by spherical coordinates R 0 ,  1 , and  2 (Fig. 2a) . In the Cartesian coordinate system with the origin at the center of the sphere, the inclusion faces normally cross the z-axis at the points z 1 and z 2 . As noted above, we assume that the shear moduli and the Poisson ratios for the sphere and inclusion are the same. Let the inclusion be the subject of 3D homogeneous dilatational eigenstrain as follows:
Fig. 2.
A geometric scheme for the elastic problem for a Janus particle. (a) Dilatation inclusion in the form of a truncated spherical segment in a spherical particle. (b) Janus particle. The figures show the sectional plane x=0 of a spherical particle.
The elastic field of an inclusion in the spherical particle can be represented as the sum of the elastic field of the inclusion in an infinite medium and an extra elastic field, which is designed in such a manner that the boundary conditions on the sphere surface are satisfied:
Here σ is the stress caused by the inclusion in the sphere,  σ is the stress caused by the inclusion in an infinite medium, i σ is the extra (image) stress; S is the surface of the sphere, and n is a normal to the sphere surface.
According to Kolesnikova et al. [21] , the stress field of a dilatation inclusion in the form of a truncated spherical segment  σ in a spherical coordinate system (R,,) with the origin at the sphere center reads:
outside inclusion (R 0 <R; R<R 0 , and
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P n (cos) and n P 1 (cos )  are the Legendre polynomials and the associated Legendre polynomials, respectively [22] . In formulas (4) and (5), the Lurie designations for the coefficients of the series B n and D n are adopted [23] . The extra stress field i σ is written in the form of the Lurie series [23] corresponding to the internal problem of an elastic sphere: 
Here we suppose that the inclusion is completely located in the sphere, therefore its stresses with the index "out" are included in the boundary conditions. Due to the orthogonality of the terms of the Lurie series, from the system of equations (7), we obtain the following system of equations for the coefficients i A n and i B n (n=2,3….):
The solution of system (8) 
The coefficient i A 0 is calculated from Eq. (8.1) at n=0. We suppose that i B 0 =0, because this coefficient does not contribute to any of the series that represent the components of displacements or stresses [23] . As a result, for 0-coefficients, we obtain:
The coefficient i A 1 is calculated from one of Eqs. (8) at n=1. Taking into account the fact that the coefficient i B 1 is responsible for the rigid displacement of the body as a whole [23] and therefore does not contribute to stresses, we take it to be zero. Then the coefficients 
Thus, we have found the stresses generated by the inclusion in a sphere (Fig. 2a) , see Eqs. (2), (4)-(6) with (9)- (11) . This means that the elastic problem for a truncated spherical inclusion in a spherical particle (Fig. 2a) has been solved.
Our analysis of the found solution as well as the plotted distributions of stress components  RR and  R over the sphere surface (not shown here) have demonstrated the satisfaction of boundary conditions (7.1) and (7.2).
In Figs. 3a, 3c , 3e, and 3g, the maps of stress components of a hemispherical dilatation inclusion in an elastic sphere, calculated numerically for its central meridional section, are shown in a cylindrical coordinate system (r,,z) with the origin at the sphere center. For comparison, in Figs. 3b, 3d, 3f , and 3h similar stress components of this inclusion in an infinite medium are represented.
Based on the displacement field of a truncated spherical inclusion in an infinite medium  u R [21] and the general form of displacements in axisymmetric elastic problems for a sphere i u R [23] , with using the coefficients i A n and i B n (n=0,1,2,…) figuring in Eqs. (9)- (11), we can write now the nonzero displacement components for our case (Fig. 2a) :
The terms 
The extra terms are
Similarly, to the fields of stresses and displacements, one can found the formula for the elastic dilatation  [21, 23] :
Formula (16) shows that a dilatation inclusion, which, regardless of its form, does not create any elastic dilatation in the surrounding infinite medium [21, 24] , creates it in the sphere of finite radius. Moreover, the constancy of dilatation within the inclusion is violated, see Eq. (16) . Both these conclusions are illustrated by Fig. 4 , where a map of the elastic dilatation inside and outside the hemispherical inclusion embedded in an elastic sphere is shown in the meridional section of the sphere. The strain energy caused by the hemispherical inclusion in the sphere is calculated as the work spent to generate the inclusion in its own stress field in the sphere [24] as follows: 
( 1)( .
Here the term
is the strain energy of the dilatation inclusion in an infinite elastic medium [24] , V incl = 2R 3 0 (cos 2 -cos 1 )/3 is the volume of a truncated spherical inclusion (Fig. 2a) , i E incl is an extra strain energy term which arises due to the finiteness of the sphere radius, and D n is determined in the comments to Eq. (5). It is worth noting that in an infinite medium, the strain energy of a dilatation inclusion does not depend on its shape [21, 24] .
In Fig. 5 , the dependence of the strain energy of a hemispherical dilatation inclusion (with  1 =/2 and  2 =0 in Eq. (17)) on its radius R 0 is shown for both the cases of finite-radius (curve 1) and infinite-radius (curve 2) spheres. It is seen that the influence of the free surface of the sphere on the inclusion strain energy becomes noticeable, when the inclusion radius R 0 reaches a half of the sphere radius a.
Our analysis has shown that the series in Eq. (17) poorly converge when (R 0 /a)1, therefore, the curve 1 in Fig. 5 is considered conditionally correct at 0.9(R 0 /a)1. Nevertheless, it seems reasonable that in the sphere the strain energy attains its maximum value incl E max 0.44(4/3)G(1+) *2 a 3 /(1-) 3.42G *2 a 3 for =0.3 when R 0 /a0.925, as it follows from the behavior of this curve. 
ELASTIC FIELDS AND STRAIN ENERGY OF JANUS PARTICLE
From the inclusion shown in Fig. 2a , we proceed to the Janus particle in Fig. 2b . In doing so, we put R 0 =a and  2 =0 in Eqs. (4), (5), and (9)- (16) . Thus, in this case, the JP under cosideration consists of two regions with a mismatch in parameters of their crystal lattices, and the aforementioned dilatational eigenstrain * plays now the role of the misfit parameter for these regions.
The cylindrical stress components and elastic dilatation in the JP, consisting of two equal hemispheres with equatorial position of the interface (Fig.  2b) , are illustrated by stress and dilatation maps in Figs. 6 and 7, respectively, which are built for a meridional section of the JP.
Using Eq. (17) which gives the strain energy of a composite particle with truncated core, we derive at R 0 =a and  2 =0 the following expression for the strain energy of a JP which consists, in the general case, of two segments of unequal sizes:
In deriving Eq. (18), the expression for the inclusion volume has been used. The first term in the curly brackets in Eq. (18) is the strain energy of the dilatation inclusion in the form of a segment, constituting the JP, in an infinite elastic medium. If the JP consists of two equal hemispheres with the misfit parameter * (at  1 =/2 in Fig. 2b ), Eq. (18) transforms in the following simple formula for the strain energy of the JP:
where
In Fig. 8 , the dependence of the strain energy of the JP on the  1 coordinate of the interface is shown by curve 1. Curve 2 in Fig. 8 shows the similar dependence for a truncated inclusion with the same eigenstrain * embedded in an infinite elastic medium.
As is seen, curve 1 reaches its maximum point which corresponds (for =0. Fig. 5 ). The slight asymmetry of curve 1 in Fig. 8 near the point  1 =/2 is apparently associated with the inaccuracy of the calculation of the series (18) and (19) due to their weak convergence.
CONCLUSIONS
The elastic problem of a spherical core-shell particle with a truncated spherical core has been solved. The elastic fields and strain energy of such a composite particle have been found analytically and analyzed numerically in detail. As a special case of this problem, an elastic model for a JP consisting of two, in the general case, unequal spherical segments of crystalline materials with lattice mismatch, has been analyzed as well. The elastic fields and strain energy of such a JP have been calculated and depicted.
It is shown that the free surface strongly affect upon the strain energies both the spherical coreshell particle with a truncated spherical core and JP. In the first case, the screening effect of the free surface becomes significant when the core radius is larger than roughly one half of the sphere radius. In the second case, it is so when the  1 coordinate of the interface prevails over roughly one-half of radian that is roughly 30°. Interestingly, the maximum strain energies are approximately the same for both the cases in spite of some difference in their geometries.
